I. Introduction
T HE problem of choosing the appropriatenumber and locations of actuators and sensors is an important part in the design of any control system. The ef ciency and performance of any control law is greatly affected by the placement of the actuators and sensors. Thus, there is a need for a technique that is capable of determining the optimal set of locations and, consequently,the minimal number of actuators.
Several quantitative measures have been developed for the purpose of selecting actuator locations to control structuralsystems.
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These methods are extended for optimal actuator placement to control thermoacoustic instabilities. The analysis is based on the concepts of the degree of controllabilityand component cost, which are explained later in this Note.
II. Theoretical Combustion Model
In this section, a theoretical model for a two-phase ow in a liquid-fueled propulsion system is presented. The nal form of the conservation equations are 6 
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The source terms in these equationsrepresentthe exchangeof mass, momentum, and energy between liquidand gas medium in the chamber. The governing wave equation is derived by expressing all dependent variables in Eqs. (1) (2) (3) as the sum of mean and uctuating components 6;7 :
where p 0 is the pressure uctuation and N a is the average speed of sound in the chamber. Quantities h and f accommodate the in uences of mean ow, combustion, and acoustic motions. Terms h c and f c represent the effects of external control input.
If the source terms in Eqs. (4) and (5) are treated as a small perturbations of classical acoustics, the solution can be approximated as a synthesis of normal modes Ã n , with time-varying amplitude´n , and the unsteady pressure is given by 6;7
where the normal mode shape Ã n satis es the classicalacousticwave equation. For pure longitudinal oscillations in a uniform cylindrical chamber, the mode shape is given by Ã n D cos.n¼ x=L/. When the Galerkin method is used, Eqs. (4) and (5) are replaced by an equivalent set of ordinarydifferentialequationsthat describe the amplitude of the pressure oscillation. The linear representation of the system dynamics is
where D ni and E ni are linear coef cients associated with growth rate and frequency shift of each mode 6 and U n is the control input. When it is assumed that the unsteady pressure eld is monitored by`point sensors each at the position x j , then the measurement is given by
In state-space representation,Eqs. (7) and (8) are given by
where n, m, and`are number of states, inputs, and outputs, respectively.
III. Optimal Actuator/Sensor Placement Algorithm
The concept of controllabilityis closely related to the existenceof a feasible control law that makes the closed-loopsystem stable with respect to a desired state or trajectory. Several algorithms are available to test the systems controllability 2 ; however, from these tests, one can only arrive at a binary (yes/no) answer: It does not state how controllable the system is.
As an improvement over the binary controllabilitytests, Hamdan and Nayfeh 2 proposed two quantitativemeasures that provide information of how controllableeach mode is. Those measures make use of the angle between the left eigenvectors of the system matrix A and the columns of the controlin uence matrix B as shown in Fig. 1 . The rst measure is de ned as
where q 0 i are the eigenvectors of the system matrix A satisfying A T q i D¸i q i , with¸i being the i th eigenvalue of A. The angle µ i j is a measure of the controllability of the i th mode from the j th actuator input and is taken to be acute. As µ i j approaches 90 deg, the in uence of the j th on the i th mode diminishes.
Using this preposition, we can calculate a n £ m matrix of measures of controllability, whose i j th element is computed using Eq. (10). This matrix is designated as cos.2/. To account for the differentpower levels from differentinputs on each mode controllability, Hamdan and Nayfeh 2 de ned the following m £ m diagonal matrix D:
De ne f i as the i th row of F n £ m D .cos 2/D. The Euclidean norm of the vector f i is de ned as the gross measure of controllability ½ i given by
Each entry of the vector f i is the length of the component of a column vector of B in the direction of q i . The effective power in controllingthe i th mode depends on the component of the vector b j in the direction of q i . If the latter component is zero, then the j th input does not inject any power into the i th mode.
IV. Component Cost and Performance Measures
The component cost can be de ned as the fraction of the system performancemetric V dueto the participationof each state variables. The contribution of each mode or physical state variable to the cost function can be used as a measure of the relative importance of that state. The cost function V and the contribution V xi of the state variable x i can be computed as follows 1;3 :
where C d and Q v are output matrix and weighting matrix, respectively, and X is de ned as the controllability gramian that satis es the Lyapunov equation (see Ref.
3)
Motivated by the concepts of degree of controllability and the component and modal costs presented, the weighted measure of
where ½ i is de ned in Eq. (12). We considera variety of objectivefunctionsto determine the optimal location of the actuators based on the linear combustion model. These objective functions are based mainly on the concepts of degree of controllability and component cost just discussed. These concepts are also used to modify some previously reported performance measures.
Because the system is not stable,it is necessaryto nd a stabilizing state feedback gain matrix K . This matrix is not unique; its choice depends on the desired system response. The reciprocal of the norm of the gain matrix K needed to place the system poles at the desired location vs the actuator location is shown in Fig. 2 , which can be used as a criterion for selecting the actuator location.
The most effective position of single input/single output (SISO) arrangement is the head/end position, where the gain is minimum. The spikes on the curves correspondto points where certain mode is uncontrollable,which theoreticallymeans an in nite gain is needed to stabilizethat particularmode; therefore,these locationsshould be avoided. In terms of Eq. (10), these in nite gain points correspond to the points at which µ is closed to 90 deg.
In the rest of this Note, we will be studying a variety of cost functionsto determine the relationshipbetween the optimal actuator location and the power consumed.
The total cost function V de ned in Eq. (13) with Q v set to unity is the rst cost function considered:
The performance index J 1 to be maximized is shown by the solid line in Fig. 3 . Higher costs are associated with the lower stabilizing gain, as shown in Fig. 2 ; thus, the optimal location is where the stabilizing gain is minimum, which is the head or the end of the combustor.
The weighted gross measure of controllabilityde ned in Eq. (15) denoted hereafter by J 2 is given by
This metric is shown by the dashed line in Fig. 3 . The optimal location is at the head or the end of the combustor, using the same argument of cost J 1 . Consider the following two measures:
where N is number of the controlled modes. The performance index J 3 maximizes the sum of the controllability measures of the controlled modes, while at the same time minimizes the sum associated with the residual modes. The controllability measures are the entries of the vector f i de ned in Eq. (12). The cost function J 4 is a weighted form of index J 3 . The component cost serves as the weighting factor for the elements of J 3 . Figure 4 illustrates the sigini cant difference between the unweighted metric J 3 (dashed line) and weighted metric J 4 (solid line). When the control power is compared for the unweighted and weighted metrics, a considerable improvement is noticed when the contribution of each mode is considered as shown in Table 1 .
To further investigate the effect of component weighting, two previously reported measures are considered. The rst measure is due to Fung et al. 7 and the proposed modi cations using component cost are given by
where W N and W R are weighting factors for modeled and residual modes. Note that a single factor W N is associated with all modeled modes and W R for all residual.The proposedmodi cationassociates a speci c weight for each mode. The second index J 7 is due to Choe and Baruh, 8 and its proposed modi cation J 8 is
Figures 5 and 6 show the plots of the original cost functionin dashed lines and the proposed modi ed versions of these costs. Table 1 is a tabulation of the optimal location of the actuator for the noncollocated and collocated cases. Because all of the controllers were designed to generate identical dynamics, the control power is used as a corroborator of the use of the weighted cost functions for determining the optimal location of the actuator. Table 1 lists the optimal locations of the actuators and the normalized control power. It can be seen that weighting the cost function with the component cost results in a signi cant reduction of the control power as in J 3 and J 4 , J 5 and J 6 , and J 7 and J 8 . Note that J 1 , J 2 , J 6 , and J 8 result in requiring nearly identical control power.
V. Conclusions
In this Note, a methodology for determining the optimal actuator and sensor locations for the control of combustion instabilities is presented. The approach relies on the quantitative measures of the degree of controllability and component cost. These criteria are arrived at by consideringthe energiesof system's inputsand outputs. The optimality criteria for sensor and actuator locations provide a balance between the importance of the lower-order (controlled) and the higher-(residual) order modes.
In previous studies, the cost has been a function of the control in uence matrix only and the relative contribution of the modes to the output has not been considered. This Note describes a systematic procedure that associates weights that re ect the importance of each state variable or mode in a given cost function, thus, increasing the system controllabilityand its overall performance. The procedure can be extended to optimize the number of actuators in multi-input applications by removing the least effective actuators, one at a time. In addition, it can be applied to a discrete set of candidate locations. The control energy level can be taken as a factor in the selection process, in a sense that if the head/end location is not practical, the optimal location can be moved to the next control energy level and so on. In general, the optimal locations are found to be at locations where the lower modes have the greatest contribution and the higher modes are minimally represented in the cost functions. Physically speaking, at these locations, the lower modes are the most controllable because the point of application of the actuation power is far from the nodal point of these modes, which means the required control is small and the higher modes are not excited.
